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On the Primitive Groups of Transformations in Space 

of Four Dimensions. 

By James M. Page. 



In a series of papers published at various intervals since 1873 Sophus Lie 
has developed a new mathematical theory, which he calls the "Theory of 
Groups of Transformations." His researches are nearly related to several 
other branches of mathematics, especially to the " Theory of Substitutions " 
of Galois, to the Modern Geometry and Modern Algebra, and to the Theory 
of Diflferential Equations. Lie has very materially modified this last-named 
theory by basing it upon his Theory of Groups, and by showing that this is the 
natural and correct starting point for a Theory of Differential Equations. 

But, in order to derive practical advantage from the Theory of Groups for 
the Theory of Differential Equations and its kindred branches of mathematics, 
it is necessary to know some, and if possible, all groups of transformations. 
Lie has already given methods for finding all of certain classes of groups in any 
number of variables, although to carry out the necessary calculations in some 
cases may be practically impossible. However, he has actually calculated all 
groups in one, two, and three variables. It will be the object of this paper to 
find all of a certain class of groups — the so-called pi'imitive ones — in four 
variables. 

As Lie's theory, since he has not yet published a connected work on the 
subject, is not generally known, we shall collect the principal definitions and 
theorems of the same needed in this paper, in an 

Introduction. 

A. We shall always operate with "infinitesimal point transformations," 
inasmuch as they are most convenient for our calculations, and Lie has shown 



294 Page: On the Primitive Groups of Transformations 

how to find the groups of finite transformations by very simple means, when we 
know the groups of infinitesimal transformations. 

Lie defines an infinitesimal point transformation in n variables by the equa- 
tions ajj- =: ajf + ^i (cci . . . . a;„) (5^, »=!....«, (a) 

where U is an infinitesimal quantity, and where ^^ are " analytical functions " 
of their arguments, in Weierstrass' sense of the word. 

For the infinitesimal transformation (a) , Lie has introduced the symbol 

n 

x{f)=£^U^, . . . . x^) ^^, 

or, when we write as is customary, 

_ df 

the symbol is ^.\ 

X{f) = 2^ ^i(i«l ^r^Pi- 

1 
From this symbol we can see at a glance the form of (a) ; for if / is any func- 
tion of Xi ....»„, we have 

f[x[ ....xl) =/(a;i .... a;.) + X(/) U, 
from which follows 

x'l =zxi + ^i{xi. . . . a;„) ht. 

It is easy to see that the symbol X{f), or as we shall for convenience simply 
write it, Xf, is independent of the choice of variables.* 
If X^,X,f....XJ 

are r infinitesimal transformations, they are said to be independent, when it is 
impossible to choose r such constants c^ as make the expression 

vanish identically. 

When we perform the operation 

x,(x,(/))-x.(x,(/))=^{x,(e-.)-^.(yig^, 



If the inflnitesimal transformation Xf is repeated an infinite number of times, we get oo^ finite 
formations 

where t is an arbitrary parameter. 



transformations , , j. -tr, \ i '^^ -vv, \ r 

xi = Xi+ t.X(x,) + — . XXiXi) + . 
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we say that we comhine the two infinitesimal transformations JT^/ and X^f. For 
this operation we shall write Jacobi's simple symbol 

Now Lie has given the fundamental 

Definition: "If r independent infinitesimal transformations Xif . . . . X^f 
satisfy in pairs all relations of the form 

r 

1 
where the c^j^ are constants, then form the infinitesimal transformations 

r 

^ oAf, 
1 

where the c^ are constants, a group with r members." 

The system of constants c^j^ is called the composition (Zusammensetzung) 
of our group. 

Any three transformations X</, Xjf, Xj^f must satisfy the celebrated 
identity of Jacobi, 

(X,{X,X,)) + (X,{X,X,)) + {X,{XjX,)) = 0, 

and this gives relations which the c^jg must satisfy, if they form the composition 
of a group, viz : 



/" , Kpijs'^skv r %« • Cisv + ^Ua • ^sjv) — > 



{i, k,j,v=l . . . .r). 
Lie has shown, conversely, that if we have a system of Cj^^ which satisfy the 
equations last written, there are always groups with r members which possess 
this composition. 

If all c«, = 0, 

we say that our above transformations are in pairs commutable (paarweise 
vertauschbar), or simply commutable. We may take any r independent infini- 
tesimal transformations of our above group, say X-^f .... X^f, as representatives 
of that group, since all of its infinitesimal transformations are included in the 
general infinitesimal transformation of the group 

r 

/*, clXj,/, (4 const.). 
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and when we know X^f .... X^f, we may at once write all other transforma- 
tions of the group. 

For a group of transformations of r members we shall sometimes use the 
symbol Gr. 

If among all the infinitesimal transformations 

r 

1 
of our G-ry there are some, say 

Xif .... Xr_i,f, 

which form themselves a group, we call this group a subgroup (Untergruppe) 
of the original Gr- If the G^ contains a subgroup 

Ykf=daXif+ + d^r^rf, ^ = 1 r — p, 

where relations hold of form 

(r,X,) = ^ d,,,TJ, i,h=zi....r, 

1 
then is the subgroup Fj/ .... F^.p/said to be invariant in the G^ X^f . . . . X^f; 
and the P^/ are said to form an invariant subgroup. 

The finding of all subgroups of a given Or involves only the performance 
of algebraic operations. 

Two groups are said to be similar (ahnlich) when by a proper choice of 
independent variables the one group can be transformed to the other ; that is, 

if we have the two G^, 

XJ....XJmd X{f....XJf, 

they are similar, when it is possible to introduce into X^f such new independent 
variables that relations hold of the forms 






where c^i are constants. 

We shall consider all groups hnown, which are similar to a given group. 

B. For a space of n dimensions we shall use the customary symbol i2„; 
and for a manifoldness of k dimensions, J^ . 

In all operations with infinitesimal transformations we shall be satisfied 
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with B, first approximation to accuracy ; that is, we shall drop out of consideration 
infinitesimals of the second and higher orders. 
]N"ow a function ^{xi . . . . x„) 

is transformed by the infinitesimal transformation Xf, in the same variables, to 

^ + X{^)St. 

We say that the function <^ admits of (gestattet) the infinitesimal transformation 
Xf, or is invariant under Xf, when 

X{^) = 0, 

i. e. when ^i is a solution of the linear partial differential equation of the first 
order, Xf = . 

If in the ordinary XF-plane, a function ^{xy) admits of each infinitesimal trans- 
formation of a Gr, it is evident that each of the 00^ curves 

^ (xy) = const. 

is unchanged by the transformations of the group ; that is, each curve of the 
family is invariant under the group. Thus each ordinary point of the plane 
must be simply moved up on one of the curves by the transformations of the 
group. In this case the G^ is said to be intransitive. If, on the contrary, a G^ 
in xy can transform every ordinary point of the plane to every other ordinary 
point of the plane, the Gr is said to be transitive. 

Similarly in B^, if a function <p{xj, . . . . x^) admits of every infinitesimal 
transformation of a group, it is evident that each of the 00^ Mn_i , 

^ {xi . . . . Xn) = const. 

is unchanged by the transformations of the G^, is invariant under the G^. Here 
every point of general position in E„ is moved up on one of these M„_i by the 
transformations of our Gr. In this case our group in n variables is said to be 
intransitive. 

If, on the contrary, every ordinary point in B^ can be carried by the trans- 
formations of our Gr to every other such point in B^, we call the group transitive. 
Analytically expressed, the group 

XJ....Xrf 

is transitive, when the equations 

Xi/= . . . . Xrf= 

have no common solution. 
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But each member of the family of curves 

^ {xy) = const. 
in the plane, or, as we may write it, 

tp (^) = const., 
where 'P is an arbitrary function of ^ , need not be invariant for the whole 
family to be invariant. The family as a whole is still invariant when its various 
members are swapped around among each other by the transformations of our 
Gfr. Now we know 

^ {xy) ^ const. 

goes by means of the infinitesimal transformation Xf to 

^ + X{^)ht=- const. 
Thus if X{^) =^(4)) 

the family of curves is as a whole evidently invariant. 

This family of curves is defined by a linear partial differential equation 10 , 

and when the family is invariant under Xf, the differential equation is also said 

to be invariant under that transformation. 

The analytical criterium that 

Af=0 
should be invariant under Xf is 

{X,A) = p{xy).Af, 

where p is some function of x and y. 

Now a group Xif .... X^f 

in the plane is said to be imprimitive when it leaves a family of oo^ curves, 

<?> M = c 
invariant, i. e. when 

^i(4>) = 'Pi(4>). i=l....r. 

Otherwise is the group said to be primitive. 

Similarly, in E„ the <x»-ffilf^, 

^{Xi . . . . Xn)=Ci, <pn_g (Xi. . . . Xn) = C„_^ 

are said to be invariant as a whole under the transformation Xf, in the same 
variables, when 

X{^i) = flj (4)1 . . . . ^„_g), 



in Space of Four Dimensions. 299 

where the O. are some functions of 4)1 ... . 4>„_g. These M^ are represented in 
Bn by a system of q linear partial differential equations 10, 

Fi/=0 F,/=0, 

where ^A^ p^f 

^"f^^^Xuixi ... . . ^n)^; 

and for these F*/ must hold the relations 

( ^i^-) = 2lr ^y» (a;i . . . . «„) F,/. 
1 

Such a system is called a " complete (vollstandig)* system with q members." 
It may be shown that a complete system with q naembers in n variables 

always has {n — q) independent solutions. 

The analytical criterium that this system should be invariant under the 

transformation X/ in the same variables is 

g 

{X, Ti) = 2^ Pis (»i «») F,/, 

1 
where the p are some functions of cci . . . . a;„ . 

Now we say that a group X^f .... X,./ in n variables is imprimitive, when 
it leaves a family of ca"'~^Mg (which fill B^ exactly once), 

^1 [Xi .... Xfi) = Cx . . . . ^n — e{^ .... Xn) = C» — j 

invariant, ^. e. when 

Xi (4>^) = n.f;i (<^i . . . . ^n-s), \i = i .'.'.'.r~^' 
where the Q. are some functions of ^1 ... . ^„_j. Otherwise is the group said 
to he primitive. 

If we hold any ordinary point in the plane, the directions through it are 
transformed among each other by the transformations of any group. If now the 
group leaves a family of co^ curves, 

^ (a;2/) = e 
invariant, one such curve goes through each ordinary point in the plane ; and 
when we hold such a point, the curve, and its tangential direction through that 
point, must remain invariant with the point. Lie has shown, vice versa, that a 
group in the plane is imprimitive, when with each ordinary point which we hold, 

*The Theory of the Complete System was developed by Jacobi and Clebsch. 

VOL. X. 
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an invariant direction through the point is connected — a necessary and sufficient 
criterium. 

Thus, a group in the plane is primitive when with each ordinary point which 
we hold, no invariant direction is connected. 

Similarly in Ii„, if we have a group which leaves a family of co'^~^Mg inva- 
riant, through each ordinary point goes a pencil of oo«'-^ directions, which are 
transformed among each other by the transformations of the group, when we hold 
the point. 

Lie has shown that if with each ordinary point in B^ such a pencil of co^-'^ 
directions is invariantly connected, a system of q linear partial differential equa- 
tions 10 is invariant. If this system is complete, then it is evident that the group 
in question is imprimitive ; if the system is not complete, the group may be 
primitive. 

Applying the above to n= 4:, we see that in B^ there are three cases: A 
single direction may be invariant with each ordinary point ; or a pencil of <x>^ 
directions, and no single direction, may be invariant ; or a pencil of <»^ direc- 
tions — and no single direction, and no pencil of oo^ directions — may be invariant. 
In the first case the groups are evidently imprimitive ; at any rate, it is easy 
to see that they must be so. Lie has shown that they are also in the second 
case imprimitive. In the third case, however, the groups may be primitive. 

0. From now on we shall confine ourselves to four variables. 
In the infinitesimal transformation 

4 



xf=2^^i{«'i — ^i)pi 



the ^{ are analytical functions. Thus, if a;" is an ordinary point in B^, the ^^ may 
be expanded in its neighborhood in powers of x^ — a;?. Let us choose the 
origin as an ordinary point, and then we may expand the ^^ in its neighborhood 
in powers of Xi . Thus we may write for the neighborhood of the oi'igin 

4 1 ■ ■ .4 1...4 

■^/= 2^ a.iPi + 2_^ ^tk^^iPk + 2^ Yikj^iXicPj + . . . . 

Here a, /3 . . . . are constants, some of which may be zero. If the constant 
coefficients of all terms up to the {k — 1)^* vanish, that is, if the transformation 
Xf begin with terms of the U-^ degree, we say Xf is of tlve W^ order. We call 
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the terms of the h^^ degree of a transformation of the M^ order the initial terms 
of the transformation. 

It is easy to see that a transformation of the ^*'^ order combined with a 
transformation of the k*^ order gives a transformation of at least the {i + Jc — 1) 
order. 

4 

We may remark that all transformations of the forms 2\ ^iPi ^^^ mere 

1...4 1 

translations, and / bucXjp^ linear homogeneous transformations. 

Our object is to find all groups in ^4 which transform the directions through 
an ordinary point, which we hold, so that no direction and no plane pencil of 
00* directions is invariant. Having chosen the origin as an ordinary point, let us 
hold it, and see how the directions through it are transformed by a transforma- 
tion Xf. If we expand Xf in the neighborhood of the origin, we see that the 
most general transformation which leaves this point invariant has the form 

Xf = 2_^^ikXiPlc + / .VTipi^kVi + 

ik ikj 

But Xf does transform the points, very near the origin, with the coordinates 
dxi. Any such point dx°i, together with the origin, determines a direction 
through the origin ; and these directions are transformed just as the points very 
near the origin dxt are. But we see, when we drop infinitesimals of the second 
and higher orders, that Xf transforms the points dxi, that is, the directions 
through the origin, just as 

1 ... 4 

Xf=/ ,^ikXiPlc 
ik 

does ; that is, the directions through the origin are transformed by a linear 
homogeneous transformation. If now we have a Gr, 

Xif . . . . Xrf, 

Lie has proved that all transformations of the G,. which leave a point invariant, 
form a subgroup of the original (r^. We have seen that all primitive groups 
are also transitive. Thus in the (r,. which we seek there must always be four 
infinitesimal transformations of the zero order : 

Pk+ . . . . , k=l . . . . 4, 
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otherwise would every ordinary point like the origin be translated on a mani- 
foldness by the transformations of our group ; that is, the group would be 
intransitive. Thus in a primitive G^ in B^ there must always be (r — 4) inde- 
pendent infinitesimal transformations of the form 

1... 4 . 1 . ■ . 4 

ik ikj 

p= 1 . . . . r — 4, 

and the X^f must satisfy relations of the form 

r—i 

{x,x,) = ^c,^Xf. iy) 

The directions through the origin will be transformed by 

Y^f=y ,(3ik(,XiPk, p = 1 r — 4, 

ik 

exactly as by X/i .... Xr-tf; and if we substitute for Xif .... X^-J their 
values in (j/) , we find 

r — 4 

(r,F,) = ^^.F,/, i, Z;=l....r-4. 

That is, our primitive G^ in B^ transforms the directions through the origin when we 
hold this point just as the initial terms of its transformations 10 do. These initial 
terms of the transformations 10 form, tahen hy themselves, a group of linear homo- 
geneous transformations. 

Thus to attack the problem of finding all primitive Gr in E^ we shall first 
find all linear homogeneous Gr, YJ, vclB^, which leave no direction and no 
pencil of 00 2 directions through an ordinary point, which we hold, invariant. 
Then we take the transformations of these linear homogeneous groups as initial 
terms of the transformations 10 of the primitive G^ which we seek. 

But since the Y^f are linear and homogeneous in £Cx . . • . a;4) we may con- 
sider the ajj: .... 054 as homogeneous coordinates in JSg. Thus to find the linear 
homogeneous Gr in B^, we must write the projective groups in B^ homogeneous 
and linear in ccj . . . . CC4. 

We shall then choose those of these linear homogeneous Gr which leave no 
direction, and no pencil of <»^ directions, through an ordinary point which we 
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hold, invariant, and determine the combinations of the primitive Gy. and the Gr 
themselves. 

In calculating our primitive G^ we shall make use of an important theorem 
of Lie. He has proved that if we can give a 0^ which has the same combination 
as a required Gr , and if the initial terms of the transformations of the two groups are 
the same, then are the two groups similar. 

Suppose now we have a Gr in B^, 

Xif .... Xrf, 
where the transformations have been developed in series, so that 

XJ= 



/=^a^'B + 



where we only write the initial terms on the right hand. Then the expres- 



sions 



form themselves a Gr 



and at the same time 



^B 



X,f=^B. 
1 
If now 

r 



{XiX,,) = 7 « Ci^xj 



where c^^ are the same constants in both equations, then we say that X^f .... Xrf 
are connected by normal relatio7is. 



D. Lie has found all projective Gr in Bg and has classified them according 
to the figures they leave invariant. He distinguishes 

(1). The general projective Gr which leaves no figure invariant. 



(2). " 


II II 1 


" plane 


(3). " 


II II I 


' " linear complex invariant. 


(4). " 


II II 1 


" straight line 


(5).* " 


II <i 1 


" ^2 


(6). " 


II II 1 


' " twisted curve IIIO invariant. 


(7). " 


II II 1 


" point invariant. 



* "i^a" is sometimes used for "Surface of second degree." 
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Lie has already found the primitive Q^ in B^ given by cases (1) and (5) ; we 
give them at the end of this paper. 

We may exclude case (7) at once, since that evidently assigns to each point 
of general position, which we hold, an invariant direction, so that the groups are 
imprimitive. Further, it is easy to prove by the theory of PfafF's Problem, as 
Lie has shown, that case (2) gives only imprimitive (r,.. 

Thus we have only the cases (3), (4), and (6) to discuss. The cases (3) and 
(6) give only one projective Q^ each, which assign to a point of general position, 
which we hold, no invariant direction. But there are a large number of sub- 
groups of the general Qr in case (4) which may give primitive G^ in B^. 

Thus our first object will be to find these subgroups in case (4). 

E. The general projective group in B^ which leaves a straight line which 
we may choose as 2 = const. = c , invariant, 

has the form p, q, zp, zq . . . . {Tj), 

xq, xp — yq, yp {U^), 

r, xp-\-yq+ 2zr, xzp + yzq + z^r . . . . {Vjc), 

xp-\- yq . . . . {W). 

We see that the transformations T'j are in pairs commutable, and that they leave 
each of the planes 2 = c, and each point on the straight line 2 = c, absolutely 
invariant. Further, the Uj, form a group which leaves the planes s = c singly 
invariant, but transforms the points on the straight line 2 = c . We see that the 
T^ form an invariant subgroup of the group ZJj., Tj,. 

The Fj, form a group, of the same combination as the ?7j, which leaves the 
points on the straight line s = c invariant, but transforms the planes a = c. And 
the Tj, also form an invariant subgroup of Tj^, F^, Uj, and Vj,, by the Principle 
of Duality, are equally privileged groups. 

The transformation W leaves the points on the line a = c as well as the 
planes 2 = c both absolutely invariant. We see that Tj^, U^, V,c form a Giq — a 
subgroup of our Gn — of which each transformation is absolutely invariant 
under W. 

From what we said above we see that the subgroups which we seek must 
leave no point or plane in Bs invariant. Thus : 

We wish to find all subgroups of the above Gn which leave the straight line 
2 := c , but no point or plane, invariant. 
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Consider two transformations of our (ju : 

^ (aj,T, + (3j,U, + y,,U, + §jW). 

If we combine these two we get a transformation in which the new /3 depend 
only on the old /?, and the new y on the old y. No 8 occurs in the new trans- 
formation. Thus we conclude that 

form themselves a group. 
Further, we see that 

form also a group. 

If we compare the group V^ i^uJ^i with the original Gn, we see that the 
two groups transform the points on the line s = c in exactly the same manner ; 
and also the group ^i y,^ F^ transforms the planes z = c just as the G^ does. 

Thus if the group >« (3,,^ TJi contains less than three members, a point on 

the straight line z = c will be invariant,* which case is excluded. Same way 

must the group /* /w T^t contain three members, otherwise we would have an 
invariant plane. 

Thus we wish to find all subgroups of the group 

which transform the above-mentioned points and planes so that no point or 
plane is invariant. Hence, since all the U must occur, we may write these 
subgroups, 

3 3 3 

Ill 
But since all the V must occur, we may write the required groups, 

3 3 3 

Ill 

* By a theorem of Lie's on the groups of the M^ . 
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Since U and V are equally privileged, we easily see that the only possibilities 
here are the two groups 

Fi+ U^, V,- U„ Vs- Us, and V„ V„ F3, U„ U„ Us. 

We shall call these two our "abridged" (verkiirzte) groups. The G^ which we 
seek must all contain the transformations of one of these abridged groups. 
Since the T^ and W transform neither the points nor the planes mentioned above, 
these transformations may occur in the required Gr free, or added with constant 
coefficients to the transformations of one of the abridged groups. 

(A). Let us take up the case where the transformations of the first of the 
above abridged groups occur in our sought subgroups ; that is, the transforma- 
tions of yi+ Ui, Fg — U^, V3 — Us occur. 

(1). Suppose for the present no transformation TF occurs at all; and also no 

free transformation of the form V^ ^^^^T^. Then the transformations of our 

1 
sought groups can only have the forms 

Let us introduce new variables into these transformations by means of the sub- 
stitution , , , I A 

Since nothing depends upon the symbols we use, we can drop the accents 
from the new transformations, and our substitution is equivalent to putting 

We now easily find by combining our transformations, and remembering that 
they must form a group, that the only possible group is 

r -\- xq, 2(yq + zr) , xzp + yzq + sV — 'yp. 

It is easy to see that this projective group leaves the F^, 

y — za; = 

and all generators of one family, absolutely invariant. 

If the transformation W occurs, it is easy to see that it cannot occur 
additively, i. e. only free. Hence we get the group 

r-\-xq, xp-\-yq, 2(yq -\- zr), xzp -\- yzq -\- zh — yp. 
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This group leaves the F^ , 

y — zx=:0 

and two different generators of one family invariant. 
(2). Suppose a transformation of the form 

4 

1 
occurs free. Suppose for the present that no W occurs ; our transformations are 

r + xq + ^a^T^, 2{yq-\-zr) + ^PjT^, {xz — y)p -\- yzq + z'r + ^Yj,Tj, 

By making the same change of variables as in (1), we can again put 

aj = aa = /?2 = . 
By combination we find that the transformations 

h^q — 8szp 
must occur. 

(I). Suppose §2 = — ^3 and 

(a). ^3=0. 

Then we see (8^ — Si){q + zp) 

must occur. 

(i). Suppose §1=^4. Then must Sj X ^4 :::ji . Hence 

p + zq 

occurs. Any other transformation V^a-jT^, which occurs has the form 

ap -\- bq -{■ czp. 

Combine this transformation with r -\- xq -\- V^a^T^j, and we see 

c{p — zq) — aq, 

and 2cq 

occur. If here c ::)i we see 

p, q, zp, zq, 

Vol. X. 
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must all occur. Thus we find the group 

r -\-xq, yq -\- zr, {xz — y)p + yzq + aV, j), zp, q, zq. 

If the transformation W occurs, we see that it can only occur free, and we find 
a group of which the last is a subgroup, 

r + xq, yq + zr, (xz — y)p + yzq + sV, xp + yq, p, zp, q, zq. 

It is easy to see that these groups leave two coinciding straight lines invariant. 
If above we have c = and a dfi 0, we find these groups again. Thus 

c = a = 0, 
and we see then 6 = 0. 

Our transformations now have the forms 

r + xq + agzp + a^zq, 2 {yq + zr) + ^s^P + l^^zq , 

4 

{xz — y)p + yzq + sV + ^^7i^i, i> + zq. 

By combination we easily find 

/i = ag = (^4 = , 1^3 = — a^. 
If now a4 = we find the group 

r -{• xq, yq -\- zr, {xz — y)p -^ yzq + z^r, p -\- zq. 
If a4 ::ji 0, introduce new variables by means of the substitution 

and we find our last group again. 

This group leaves the surface of second degree 

y — zx= 

and two coinciding generators of the same invariant. 

If the transformation xp + yp occur, it can only occur free, which gives 
the group 

r -{- xq, yq + zr, {xz — y)p + yzq + sV, p + zq, xp •\- yq. 

This group leaves a surface second degree invariant, and also one of its gene- 
rators. 

(ii). Suppose now 5i=|:^4. 
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Thus we see q + zp occurs. Combine this transformation with r-^xq+/i a^T^j 
and we see p — zq, q 

occur also. 

We see at once that no other transformation V^^^T], can occur, unless all 

occur, a case which we have already finished. 
We easily find the group 

r -}- xq, yq-{- zr, (xz — y)p + yzq + zh, q, zp, p — zq. 

The transformation xp + yq may occur free, which gives a group of which the 
last is a subgroup, 

r-\-xq, yq + zr, {xz — y)p + yzq -{■ zh, xp +yq, q, zp, p — zq. 

Lie has shown that these groups leave a linear complex and one of its straight 
lines invariant. 

We now come to the case 

(b). K = -^z, ^^.^s + O. 

We see at once that the transformation q-\- zp occurs. Combine this with 
r + xq-\- 2\ oci Ti and then we find that also 

p~zq,q 
must occur. Thus we have the same groups as in the last case. 

(11). ^. + -^3. 

Thus, , 7 / , \ 7 ^4 — oi 

p — zq + h{q+zp), h--^--^^ 

occurs ; also h^q — ^a^p . 

(a). If now ^3 rj: , then zp j- 9. occurs. Combine with 

^s 

r + xq+y \(tiTi 
and we see p — zq, q 

occur. Thus we have again the same case as above. 

(b). If ^3 = , then ^2 4= and q must occur, with p — zq-{-h.zp. If 7^; rjr , 
we see that we get the above case again. 
If ^ = , we have 

q,p — zq. 
Combine the last transformation with 

{xz —y)p + yzq + zV + 2^YiTi 
and we see that we get still our often-mentioned case above. 
These are all the groups possible in category (A). 
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(B). Let us now take up the case where the transformations of the abridged 
group Z7i, U^, ZJg; 7i, F^, Fg 

occur in our sought groups. 

(1). Suppose no transformation 25^ occur free. Then we have 

mmmm/ JtKammf ^mmm 

and Fi+^a,7;, F, + ^&,2}, Y,-\-^c^T,. 

We easily find that this gives the group 

xq, xp — yq, yp; r, xp-{-yq-\- 2zr, {xz — y)p + yzq + zV. 
The transformation xp + yq may occur free, which gives the group 

xq, xp, yq,yp; r, xp + yq+ 2zr, {xz — y)p + yzq + zV. 
These groups leave two different straight lines in B^ invariant. 

(2). If one transformation V' ^^T^ occurs free, it is easy to see that all the 
T must then occur free. Thus we find the group 

xq, xp — yq, yp; r, xp-\-yq -{- 2zr, xzp + yzq + aV — yp, p, q, zp, zq. 

As usual, xp + yq may occur free ; and we find so the original On, of which the 
last is a subgroup which leaves a straight line invariant. 
These are all of our required groups. 



Lie has given general formulae for writing projective transformations in 
{n — 1) variables linear and homogeneous in w variables. For writing projective 
transformations in xyz linear and homogeneous in a;ia;2a;3a;4, the formulae are 
xq = xip^ , xr = Xips, yp = x^pi , yr = x^jh , 
zp = XsPi, zq = XsPi, 
p = XiPi, g = XiP2, r = XiPs, 
X. U=. — XiPi, y. U= — X2P4, z. U= — x^pi, 
U+ xp = Xipi — x^pi , U-\- yq=. x^Pi — XiP^ , 
U+ zr = XsPs — XiPi, 

i 4 

xp=xipi——2^^tPi' y^ = ^^Pi ~ ^r. ^'iPi ' 
4 

zr = x^p^ — 2^^iPi, 
1 
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where we write for brevity 

U=: xp + yq -\- zr. 

If we reverse these formulae of transformation, and write the transformation 

4 

U=}i^XiPi 
1 

in the variables xyz, we get zero, i. e. the "identical" transformation. Thus we see 
that when we write our projective G^, in xyz, linear and homogeneous in XiX^x^^, 
the transformation ?7may also occur in the linear homogeneous group, free, or 
added with a constant coefficient to the other transformations. 



Chapter I. 
A Twisted Curve IIIO is Invariant in B3. 

§1- 
The projective group written in the variables xyz has the form 
p + 2xq + Syr, xp + 2yq + 8zr, Sx^p + Sxyq -\- Sxzr — 2yp — zq, 
and leaves the curve IIIO 

y — y?=zO, z — v?=-0, 
invariant. 

When written linear and homogeneous in XiXiiX^Xi according to the formulae 

p. 310, the group has the form 

x^p-i, + 2xip^ + 3x2^3, £Ci^i — x^p.i + 3 {XiPi — x^p^ , 2x^pi + Xsp^ + SXiPi . 

to which may be added 

4 

u=y\XiPt. 

1 

In the following we shall only write the initial terms of our transformations, for 
the sake of brevity. 

"When we have found the transformations of a group in Jinite form we shall 
enclose them in a frame to catch the eye. 
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§2. 

Thus the transformations 10 of the groups we now seek have the forms — 
writing only the initial terms — 

^1 = 034 j3i + 2a3i j92 + 3a;3_p3 . 

^2 = a;ipi — a3ap2 + 3 {x^f^ — x^ps) , 

Ss = 2X2Pi + XsPi + SxiPi > 

to which may be added ^i^ 

1 
For the initial terms of these transformations the relations hold 

{S,S,) = - 2S„ (S^Ss) = S,, {S,Ss) = - 2>S'3, {S,U) = 0. 
Thus we see that if the transformation U does not occur free, it cannot occur 
at all. 

We wish to see what transformations of an order higher than the first can occur. 
If a transformation 10 occurs it must have the form 

Xf=^l{XiXiXi)pi + ^iiXiXiXsJpz + ^3(^2^3) Ps + Li«^l^i)Pi- 

For we know that the four transformations zero -.p^ must occur ; thus, if ^1 were 
a function of x^ , we could by a proper combination of Xf with the py. get a 
transformation 10 of the form 

Yf= X3P1 + 572 j>2 + mPz + mPi- 
But F/"must be a transformation of our group, and so, linear in the Si. We see 
at once that this is impossible, hence ^1 is free of x^. Same way we see that 

^2) ^3. ?4 li*v6 ^^^ above forms. 

Since the ^j. are analytical functions of their arguments, we may write 

X/= (aia^ + hiQi?^ + c-ipai + d^x^x^ + e^XiXi -{-fxX^x^pi + (agxl + hsX^x.^ + CgS^D^g 
+ {a^'x\ + h^xl + c^xl + d^XiX^ + e^x^x^ +fx%'Xz)P% + («4^i + ^x^Xi + c^xDpi 

where a, b, . . . . c^ are certain constants. 

Combine now Xf withpg, and we get a transformation 10, 

ZJ= {Ic^x^ + 620:1 + /2a;2)_P2 4- (M2 + 2C3X3) ^3 , 

which must belong to our group. Thus we must have 



ZJ=^a,A^aU, 
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where the a are certain constants. But we see at once that this relation gives 

C2 = 62 =/2 = 63 = 2C3 = 0. 

Hence 

Xf= (cfja;? + 6ix| + Ciccf + d^XxX^ + e^XxX^ -{-fiX^x^pi + agOil^g 

+ {<hA + ^2a'2 + d^^x^)p^ -\- (ai^i + 64a:^a;4 + 044)2)4- 
Now combine X/withj?4, and we find a transformation 10, 

ZJ=L (2cia;4 + eiOJi -^fx^t^Px + (^4a3i + 204X4)^4, 
which must belong to our group. Thus as before we must have 

3 

1 
where the ^ are certain constants. We find without difficulty that this gives 

c-y = ei =/i = bi = Ci=0. 
Proceeding in exactly the same manner with Xf and p^ and p^ we find 
aj = (^1 = ^2 = (4 = ^4 = &i = Z>2 = ag = . 

Thus we find that all constants are zero ; that is, that no transformation IIO can 
occur at all. Also none of IIIO can occur, for a transformation IIIO combined 
with a transformation zero gives a transformation IIO, which cannot occur. 
We see in this manner that no transformation of an order higher than the first can 
occur. 

We have now two cases according as the transformation U occurs or not. 

§3. 

/Suppose the transformation U occurs. In this case the transformations of our 

group are 

4 

PuPilPziPi', Si = XiPi + 2XiPi + 3052^3 . U'= 2^ ^^P' ' 

1 
^2 = ^iPi — ^iP% + 3 {XiPi — x^ps) ; 
Ss = ^Pi + 0:3^2 + 3a3i^4 • 
Let us find the composition of our group. We see that the Si and ?7are con- 
nected by normal relations, and so are the S^ among each other. We shall first 
choose the transformations zero so that they are connected with Uhj normal 
relations, i. e. we shall "normalize" with U, and then we shall see how the 
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transformations zero are connected with the other transformations 10 and with 
each other. 

If now we combine p^ and U we must get a transformation of our group, 
thus, ^i^ 

{Pi C^) =Pi + 2l/ ^^^^ + /? CT, (a, , /3 consts.) . 

Let us introduce a new pi by means of the substitution 

3 

1 
where Ai and B are certain constants. Then we have 

3 3 

{p,U)=p^-^AA-BU+^a,S, + (3U. 
1 1 

Now put ^j = ai, B-=P, 

and we have (B C) = ft • 

Since nothing depends upon the symbol we use, we may write this 

{piU)=Pi, 
remembering that this is a new pi . 

Proceeding in just the same manner we may write 

({p,U) = p^, 

](i'3C^)=P3, 
\{PiU)=Pi. 

Thus we have normalized the transformations zero with TJ. Let us find the 
relations between the pu and the S^ . We have 



(pi/^i) = 2p, + ^aA + hU. 



Form Jacobi's Identity withjpi, Sy and U, thus 

{{PxS,) U) +mU)py) + aUpy)Sy)=0, 
or 2(i>2i7)-(ft/Si) = 0, 

and {PiSi)=2pi. 

Thus pi and Si are connected by a normal relation. In exactly the same manner 
we find that the other transformations zero and 10 are connected by normal 
relations. 
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It remains to see how the transformations zero are connected among each 
other. 

We cannot say a priori of what order a transformation will be which we 
obtain by combining two transformations of zero 0, since no transformations of 
minus first order can occur. 

Thus we must write 

4 3 

(PiB) = ^ (liPi + ^ ^kSu + cU, 

where o.^, Sj., c are certain constants. 

Now form Jacobi's Identity with^i, p^j, and U, thus 

((i'xB) TJ) + (ip,U)p,) + ({Up^jp,) = 0, 

or ^ 

/\ aiPi — 2 {P1P2) = , 
1 
i.e. {pil>i)=0. 

In the same way we find 

{PiPk) = 0. 

Thus we have found the composition of our group, and find that all transforma- 
tions are connected by normal relations. 

A group of this composition whose transformations have the same initial 
terms is 



Pi,P2,P3,Pi; ^Pi — a^zB + 3 {x^pi — Xsps) ; 2xzPi + Xgp^ + Sx^p^ , 

XiPi + 2XiP2 + 3X2253. ^iPl + ^iPi + «:3p3 + ^iPi- 



By Lie's theorem, p. 303, this is thus the group we seek. This group is primitive, 
for with any ordinary point which we hold is, as is easy to see, no plane pencil of 
directions invariantly connected, and also no direction. 

§4. 

Suppose TJ does not occur. 

Here we have the four transformations zero and the transformations 10, 

Sy = XiPy + IXyp^ + 3X2^3, 

S^ = xypi — x^pz + 3 {XiPi — a^a^s) , 

/S's = 2XiPi + XsPi + ZXyPi. 

voiiX. 
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We see that the transformations lO are connected by normal relations. To find 
the composition of om^ group, let us normalize with /%. We have 

3 

{pA) =Pi + 2^ ^^^^ ' ^^' const.) , 
and when we introduce a new pi by means of 

3 

pi=pi + 2^ ASi , (Ai const.) , 

we get _ - v^ v^ 

(p^S,) =Pi-2^ ASi + 2^ a^Si - 2A,S, + 2A,Ss . 

We can evidently choose our constants Ai so that 

(i?A)=i>i, 
or, as we may write it, (pi/Si) = Pi- 

In the same way we find 

(i?3'%) = — 3^3, 
(pA) = 3294, 

Now we wish to see how the p^. are connected with Si and S3 . We have 

3 

(Pi'S'i) = 2292 + /\aiSi, {tti const.) . 

1 

Form Jacobi's Identity with^^. Si and S^, thus 

((jpi/^i) s,) + as A) Pi) + (is,pi) Si)=o, 

or {piSi)=2p^. 

Thus we see pi and /Si are connected by a normal relation, and in same manner 

we find that all (puSt) are normal. 

It only remains to see how the transformations zero are connected among 

each other. We have 

4 3 

(PiPi) = 2^ °^'Pi + Z^ ^''^^ ' ^^' ^ const.) . 
1 1 

Form Jacobi's Identity with pi , p^ and S^ ; thus 

{{Pll>2) Si) — {P1P2) + {PlPi) = 0. 

or ai= ai=- a3= ai= (3i = (3s = 0. 
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Thus, 
Same way 



i 



(P1P2) = ^i^i- 
'{PiPs) — YiSi, 

iPlPi) = {PiP3) = 0, 

iP2Pi) = ^3^3, 
Hp3Pi)=^£A- 
Form Jacobi's Identity with^j, p^ and^g; thus 

(iPlP2)P3) + ({P2P3)Pl) + {{P3Py)p%) = 0, 

or 3/^2^3 + 871^3 = , 7i = — /?2 . 

Also {{PiPi) ^1) — 3 (piPs) = , 

or 2/?a/Si — 3yi/Si=0, i.e.^2 = ri = 0. 

Similarly we find without difficulty by means of Jacobi's Identity 

^3 =: £2 = . 
Hence all [p^p^) = o, 

and our transformations are connected by normal relations. Our group is evi- 
dently 



Pi, P2, P3,Pi; ^iPi + ^^iP% + ^^iPsi ^^iPi + a%i>2 + 3031^4; 

X^Pl — X2^2 + 3 (XiPi — XsPs) . 



This group is a subgroup of the one found in §3, and we see at once that this 
one is also primitive for the same reason that that one is. 



Ohaptek II. 

A Linear Complex is Invariant in Eg. 

§1. 
The projective group written in xyz has the form 

p — yr, q -\- xr, r, xq, yp, xp — yq, xp -\- yq-\- 2zr , 

zq + x.U, zp — y-U, xzp -\- yzq -\- z^r , (where U=:xp -\- yq-{-zr), 

and leaves the linear complex 

dz + xdy — ydx = 
invariant. 
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When written linear and homogeneous in XiX^^x^ according to the formulae 
p. 310, the group has the form 

^iPl «iPs, a'4i>3 + «li'3. ^iPsi ^lPi> ^lPl~«2P2, «2Pl> 

XsPi + XzPi, XsPa — x^Pi, XsPi — XiPi, XgP^, 
to which may be added * 



U=y\XiPi. 



§2. 
Thus the transformations 10 of the groups we now seek have the forms 

Si = XiPi — X^Ps , S^ = 0:4^2 + XxPs , Ss = 0:4^3 , Si = X1P2 , 
S^^XiPi—X^Pi, Ss = X<iPi, S^^XsPi + X^Pi, Ss = X3Ps — XiPi, 
Si ~ XsPi — XxPi , ^Sio = XsP>i , 

to which may be added *^ 

1 

Let us see what transformations of an order higher than the first can occur. 
Let s be the maximum order, so that we suppose a transformation of form 

Xf= mh + '^fp. + ^fPz + ^fp, 
occurs, where the index (s) shows that the |j. are of the s*'' degree. 

. Since in our group x^, x^ are equally privileged with x^, x^, we can suppose 
that ^i*' and ^l*' are not both zero. If now ^i*' :|: , by combining Xf with 

•^iPi > "^iPs "^iPz ) ^iPi — •'53^2 
in proper order, we see that 

Yf= x{p, + Ifp, + Ifp, + If Pi 
occurs. Combine p^ and Tf, hence 

zf= sxr^pi + y'r\h + y'-r'^^Pz + ^i*-«i>4 

must be a transformation of our group. 
Combine now Zf and Yf, hence 

- s^^-^pi + ir-^>i>, + ^r-''pz + i'r''p, 

must occur. But s is the maximum order, hence 

2s— 2<s+ 1, or s<3. 
Thus when ^l'> 4:0, s<3. 
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If 5*' = 0, then 5*> 4:0, and 

Combine this transformation with 

«2i>i. ^iPz — ^iPi, x^Pi + «^sP\ 
in proper order, and we find that 

must occur, and proceeding just as with Y/" above, we see s<C3. 

Thv^ at all events is s<^S. 

Now let us see what transformations IIO, if any, can occur. If any trans- 
formation no occurs, we wish now to show that one of the form 

a''P2 + W'P3+ei% 

must occur, where ^f d^ . 

First we must prove that no transformation IIO of the form 

can occur, and since Xi, x^ are equally privileged with jcg, x^, of course then 
none of the form ^3^3 + ^^p^ 

could occur. 

If X/ occurs, then must ^^ be if: 0. For if not, a transformation 

^zP2 = xlp2 
must occur. Combine this transformation with x^pi and we see 

2x1X2^2 — a^Pi 

must occur. Combine the last transformation with xf^a ^t^^ we get a transfor- 
mation mo, which is impossible. 

Thus ^1 4^ when Xf occurs. 

By combining Xf properly with 0:3^4 and Xip^ , we can arrange so that 

^l{XiXs)pi+'^iPi 

must occur. But from the transformations 10 we see that ^^ can contain no X3 
here. Thus a transformation 

X/=4pi+ ^zp^ 

occurs. Combine XiPi — X2P2 with Xf and we see 



F/=^i>.+ {x.^-..-g+&}A 
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must be a transformation of our group. Here Yf must be the same transforma- 
tion as Xf, otherwise, by subtracting, we would find a transformation 

which would belong to our group. But we saw no such transformation can 
occur; thus Yf'=Xf, 

aJi -^ + xa -^ = , or ^2 = ^2 {x^x^, x^^ . 

Hence Xf= xlpi + {axix^ + 6a| + cocgx^ + da^^p^ . 

Combine this transformation with jsg, p^ and we see 

b=:G = d^ 0; 
thus XiPi + axiX^Pz 

occurs. Combine this with p^ and we see at once 

a= — 2. 
Combine now xlpi — ixix^^p.^ 

with XiPi and we find that xlp^ 

must occur. But we saw that this was impossible ; thus, no transformation of 

form ^rp, + ^f% or a>3 + a>4 

can occur. Thus if a transformation of form 

occurs, but not 

Zf=yif%+ni% + y!rp„ 

we must suppose that ^f^ 4^ 0. Hence 

xf=xip^ + ei% + epps + epp, 

must occur. Combine this transformation with XiPi — x^p^ and we see 

Yf^xlp,+(x, §--x,f^ + ^.)b + (-^ H - -^ ^h + ( )^^ 
must belong to our group. Subtract Xf from Yf and we see that 

also belongs to the group. But this is a transformation of the form Zf, and 
since by hypothesis none such can occur, we must have 
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and hence ^^ = ^^ {x^x^ , Xg , x^) , ^3 = ^s {^^2 , ^3 . ^i) - ^1 

and ^4 = ^4 (0:1X2 , ccg , x^) . Xj . 

Since our transformation is of the IIO, 

Thus a transformation of the form 

xlpi + (axiccg + bxgXi + cici + (M^p^ + ^i (exg + gXi)p3 + Xi (e'xg + g\)pi 

occurs. By combining this transformation pi, p^, Ps, Pi we easily see that also 

xf_pi — 2.riX2_p2 + (6X3X4 + cx| + di(?^p^ + xi (exg + 2(^X4) j>3 + Xi (20x3 + ««4)i>4 

must belong to our group. Combine this transformation with Xi_p3 and we see 
that a^^2 must occur, which we saw to be impossible. 
- Thus a transformation of the form 

must occur, if any transformation IIO occur at all ; and here ^f rj: , and not 
if\ ^T both can be zero. 

Combine properly with x-^p^ and X3^4, and we see that a transformation 

Xf= ^2 (Xi , Xg) i?2 + ^3^3 + ^4_p4 

occurs, where all ^u are free of X2. Combine Z/ again with X3_p4 and we find 

«4 . dxi 

But no such transformation can occur, hence 



/ 9^3 ,9^4 \ >- 



?3 = ^3 (a^i^s) , ?4 = -f • f 3 + '74 (aJiXg) . 

From the transformation 10 we see that no x^ can occur in ^3 here ; thus 

^3 = ax| , ^4 = 0x3X4 + )74 (xjXg) , {a = const.) . 
Thus a transformation IIO of form 

^2 (xiXa) _p2 + as^ps + 1 0X3X4 + 774 (x^Xg) [ _p4 
must belong to our group. Combine this with ps and we see a = ; thus 

^f= ^a i^v^sJPi + ^4 (a;ia^3)i54, 
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where ^3.^4 ijr 0. By combining X/ properly with x^ps — x^p^ we see that 

occurs, or o^^Pi + {da?x + ^XyX^ + Gi4)p2 . 

Combine with pi and ^3 and we see 

6 = — 2, c= 0; 
thus ix^pi + (cZa^i — 2CC1X3) j>3 

occurs. Combine with a!4j93 and we see 

Xi/= a;fi>3 + 2xiXiPi 

occurs. Combine x^pi with X^f and we see 

occurs. Combine Xif and Xg/ and we get a transformation IIIO ; but such a 
transformation cannot occur ; thtos no transformation IIO can occw. 

We now have two cases according as U occurs or not. "We easily see that 
U cannot occur additively. 

§3. 

Suppose U occwrs free. 

In this case we "normalize" with ZJjust as in §3, Chap. I, and find without 
any difficulty the group 



Pi^Pi^Ps^Pi] ^iPi — ^p3 > ^iPi + oi^iPs > ^iPs , ^iPi — ^iPi . aJai?! , XiP^ , 

XsPi + 0:3^4 , XsPi — X^Pi , XsPi , X3P3 — XiPi , XiPi + XiiPz + 333^3 + XiPi . 



We see at once that this group is primitive, for the same reason as those found in 
the last chapter are primitive. 

§4. 

Suppose TJ does not occur free. 

Our transformations 10 are 

^iPl — ^iPs, XiP% + a?li>3. ^iPs^ ^\P%1 ^iPl — «^2Pi, ^iPl, 
^sPl "r ^iPi ) ^sP2 SCiPi , £C3^4 , X3P3 SC^Pi . 

Let us designate the first nine of these transformations .in the order written 
respectively hj Si . . . . S^, and put 

T= XiPi — x^Pi + (xsPs — XiPi) . 
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These transformations 10 are connected by normal relations, and we see by 
combination that U cannot occur additively. We may at once choose the p^t 
without loss of generality, so that 

np,T)= p„ 

J {PiT) = —p^, 

{PzT)= p„ 

~{pj) = -p,. 

Further, we find without difficulty by means of Jacobi's Identity that now all 
the relations {PkS) are normal. It remains to see how the transformations 
zero are connected among each other. We have 

4 9 

{PiPi) = ^ hPi + 2 (iuS„ -[-hT. 

Form Jacobi's Identity with p^ , p^ and T, thus 

{{PiP.)T)=0, 
or {PiP^ = (h^i + (f'^Sf, + «7'^7 -\-hT. 

Also now ((i'li's) ^s) = , i.e. Ui = h=-Q. 

Finally {,{PiPi) S^) =■ , i.e. a^z=a^z=.Q. 

Thus {PiP^) = 0. 

Analogously we find {PiPi) = . 

Thus we find that all of our transformations are connected by normal relations. 
Our group is evidently 



Pi,P%^P3^Pi) ^iPi — ^%P3 , ^iPa + -^iPz > ^iPz > ^\Pi > ^iPi — ^%Pi ; 

XzPx, XsPi + X^Pi, XsPi — XiPi, XsPi, XsPs — XiPi. 



This is a subgroup of the one in §3, and is, for the same reason as that one, 
primitive. 
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Chapter III. 

A Surface of the Second Degree and One of its Generators Invariant in Eg . 

§1. 
The projective group written in the variables xyz has the form 
r-\-xq,yq + zr, (xz — y) P + yzq + 2V, xp + yq, p -{- zq, 

and leaves the surface of the second degree 

y — zjc = 

with one of its generators, invariant. 

When written linear and homogeneous in XiX^x^x^ according to the formulae 
p. 310, our group has the form* 

XiPi — Xi2^s, XiPi — XiPi + X32h — ^iPi' XsPi — XiPi, XsXJi — x^Pi, 

XiPi — X^Pi — XsPs + XiPi , 

to which may be added ,^i^ 

u= yi ^XiPi. 
1 

§2. 

Thus the transformations 10 of the groups we now seek have the forms 

S-^ = XiPi — XiiPs , Si = XiPi — X^Pi + XsP3 — XiPi , S3 = XsPi — XiPi , 
Si = X3P1 — XiPi . S^ = ^iPl — ^iPi — ^iPi + ^^194. > 

to which may be added ,^i^ 

1 
For the initial terms of these transformations the relations hold, 

iSA) = 2S„ {S,S3) = Si, {SiS3) = 2S3, {SiS,)=2Si, 
{S,Si) = (SA) = {S,Si) = i^A) = (SA) = {S3S,) = , 

iSiU)=0. 



* The form in the text is not that given immediately by the formulae p. cit., but an equivalent one 
which we choose on account of the following calculations being so somewhat more convenient. We 
obtain the group given by the formulae p. cit., when we perform the simple transformation 

^■^ X^ , ^2 ^1 1 ^^3 "^2 » •^4 ~~" 4 1 

on the group in the test. 

The same change is made in the next three chapters. 



in Space of Four Dimensions. 325 

Thus we see that if ZJdoes not occur free, it can occur additively only with 8^, 
in form Sr,-\- aU, (a const.). 

Let us see what transformations of an order higher than the first can occur. 
No transformation IIO of the form 

can occur ; for then we would have 

and by combining with^j., we find that then 

er = ^f' = o. 

Thus if a transformation IIO of form 

4 

Xf=^^f^p, 

1 

occurs, we must have either ^f^ ^0, or ^f :^ 0. We see also 

ei'=ei\^«^3), ^r=eiK^.XB), ei'=^r{x,xsx,), ^T=et{x,x^,). 



Thus if 



57=]£ri>, 



is a transformation s which occurs, by combining Yf properly with x^p^ — x^pi , 
we can arrange so that 

must occur, when we suppose 5"^ :jz . In this case thus, when s is the maximum 
order, we must have s •< 3 . 

If ^w = , then ^f 4: , and 

^IPs + Vi^Pi + yi^i'Pi + ^^fPi 

must occur. Thus, as above, s<!3. 

Thus, at all events, no transformation of an order higher than the second can 
occur. 

What transformations IIO can occur in our group ? 

(1). Suppose ^-i^ 
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is a transformation IIO which occurs, and let ^f' be ::|: 0. Then as above a 
transformation 

Xf= i4pi + ^3 (a;2a;3)i^3 + ^i {^i^3^i)Pi + ^i{i>^2^i).Pi 
must occur. Combine Xf with XiPi — x^p^ , and we see 

Yf=xlp, + x,^p,-.(x,§^-^,)p, + x,^J, 

occurs. Either lyis the same transformation as Xf, or not; if not, a, transfor- 
mation IIO of the form 

)73 {XiX3)p3 + rii {x^XsX^ Pi + Yli [x^X^ p^ 

which we get by subtracting Yf from Xf, must occur. Here we must have 
>73 4: 0, and by combining the last transformation properly with x^ps — XiPi, we 
see a transformation of form 

Zf= xlps + y!i{^i^3^i)2h + Vi {oSi^i)pi 
occurs. 

By combining ^3 with Zfwe see that 571 = yii{xiXi) . 
Combine ^with 033^% — x^p^, and we see 

4ps + ^^ IJ i'l + (^^ "i; - 0^* 

must occur. Subtract this transformation from Zf and we find 



9>7i - 3>7. 



4 



or yji = aiXiXi, ^i = ^ixl, (a^, /?4 const.). 

Thus Zf= xIps + a^XiXiPi + ^^xlpi . 

By combining Zf with p^ and p^ we find 

ai = /34=0. 
Thus Zf=xlp^, 

and no such transformation can occur. 

Thus we find that Yf must be the same transformation as Xf] that is, 

^' d^i ~ ^^' ^ dxi ~ "' ^2 3X2 ~ ^^' 
Thus ^3 = ax^x^ , ^1 = ^1 {xg , Xi) , ^4 = bXiX^ , 

or xIp^ + ax^XsPa + (ccc| + dxgX^ + ex|)^i + bx^x^p^ 

occurs. 
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By combining this transformation with pz, Pi, p% respectively, and express- 
ing the results linearly in the transformation 10, we find when U occurs free, 

Thus in this case the transformation II 0, 

Xi/= xlp^ + X^X^p^ ^s^H^iPl + X^XiPi 

occurs. Combine this transformation with x^p^ — XiPi and we find that 

Xc^f=L i4ps + X<iXsPi + XjX^Pi — XyX^Pi 

also occurs, and by combining the general transformation IIO with p^. we find 
that X^f and XJ^ are the only transformations IIO which can occur when U 
occurs free. We easily see that if U does not occur, no transformation IIO can 
occur at all, and if Z7 occurs in the form 

S^ + aU (a const.) 
we find that Xj/and Xg/can occur where 

a = — 2. 
Now we come to case 

(2), where ^f = (i in the original transformation IIO, 

4 

1 

In this case we have a transformation of form 

VzPs + yiiPi + niPi, 

and we saw on the last page that no such transformation could occur. 

In finding our groups we shall now distinguish the two cases where trans- 
formations IIO occur, and where no transformations IIO occur. 

§3. 

Suppose no transformations IIO occur. 

If the transformation U occurs free, we nornlalize as usual with it, and find 
without difficulty the group 



Pu P%,Pz,Pi', XiPx — XiPz , XiPi — X2P2 + X3P3 XiPi , X3P2 — x^pi , 

^zPl — XiPi , XiPi — X^p^ — XsPs + 0:4^4 , XiPi + X^Pi + XsPs + XiPi. 
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■> 



But this group is imprimitive, since the family of oo^ manifoldnesses 

(x2 = const. 
1x3 = const, 
is invariant. 

Suppose ZJdoes not occur free. Our transformations are then 

Pk ; ^iPl — «2i>3 = ^1 , a;ii>i — »2i?2 + X3P3 — XiPi = ^2 , XsP^ — XiPi = Ss , 

X3P1 X2Pi=Si, 

4 

S^ + a. U= XiPi — Xc^pc^ — X3P3 + XiPi + a . 2^ ^iPi = T, 

1 
where a is some constant. 

Let us normalize with S^. 

We easily see that we can, without loss of generality, choose the transfor- 

matioiis zero 0, so that r[p^S^=- pi 

(i>2>%) = — ft> 

{P3^i)= Ps> 

~{PA) = —Pi, 

and we find without any difficulty, in the usual manner, by means of Jacobi's 
Identity, that all the relations (pj^Si) and (PkT) are normal. We wish to see 
how the transformations zero are connected among each other. 

We find directly from forming Jacobi's Identity with pi, p^. and S^, 

'{PiP2) = h'S, + bT+b,S„ 

{PlP3) = h^U 

(PiPi) = cii^z + aT-Jr a^Si, 

{P2Pi) = ysS3, 
^PsPi) = <i%S% + cT-\- CiSi, 

where the hj) . . . . Ci are certain constants. 

Now form Jacobi's Identity with^i, p^, Si, thus 

({PiPz) Si) + {piPs) = , 
or — 2b^Si + biSi = 0,bi= 2b^. 



Proceed in exactly the same manner with the other jf><, p,,, /% avidpi, p^, T, and 
we find a number of relations between our constants, viz : 
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a = h = G=ai = a^ = ^^=:0. 
a.6i= 0, /^^(a— 2) = 0, (3{a—l) = 0, Ci{a—1) = 0, b^{a—l) = 0; 
&i = 73 = 262, 64 = /? = — C4, h = (^2- 
(1). Suppose a == 1 , then bj^=: y^^ b^=z [3^= , and we have 

(i'li'a) = ^4^4, {P2P3) = &4^, (l'32'4) = — bA, 

and by forming Jacobi's Identity with^i, p^, Ps, we find 64 = 0. 

Hence all of our transformations are connected by normal relations in this 
case, and we find the group 



Ih , Ih ,P3,Pi; ^iPi — x^Ps . ^iPi — '^%P% + ^%Pz — ^4J9i > ^%P% — ^iPi > 
XsPi — x^Pi , Xi2h — ^%Pi — ^%Pz + -x-^Vi . ^P\ + -x-iPi. ■ 



This is a subgroup of the last one found, and is imprimitive for the same reason 
that that one is. 

(2). Suppose a 4^ 1 . 

(a). Let a =: 2 ; hence 

^1 = ys = ^2 = Cj = C4 = 64 = /3 = . 
All relations are normal except 

{P%P3) = l^iSi. 

Thus we see that pi, p^ is an invariant G^ in our group, and hence the group is 
imprimitive.* 

(b). Suppose (a — l)(a — 2) 4= ; hence 

/? = C4=&4 = ^4 = 0, 

and we have 

{PiP2) = 'b2Si, 

{PlP3)= 2&3'S'l, 

{Pi2h) = = iP2P3), 
{P2Pi)= 25a^3, 

iP3Pi) = h^2- 

*For Pi =0, i)4, = 

is an invariant complete system with the two solutions 

a;2=: const., ajj n: const. 
Thus our group leaves the family of cc^M^ , x^ =:const., Xg = const., invariant. 
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Form Jacobi's Identity with^i, p^, p^ and we see at once 

62=0. 

Hence all of our relations are in this case normal, and we find again the imprim- 
itive group written above. 

§4. 
Suppose transformations HO occur. 
Let us further suppose — 

(a). JJ occurs free. In this case we normalize with TJ as usual and find 
without difficulty the group : 



P\^ P%, Pzi Pi', XiPl — W2P3 ) ^Pl — ^1,P% + ^%Pz »4?>4 . »3i'2 — ^\Pi. . 

^ZP\ — ^iPii ^\P\ — ^%P% — ^ZP% + »li54, XxPx + X^Pl, + X%PZ + »4i'4> 



This group is imprimitive, since the family of co* manifoldnesses, 

fccg ^ const. 
Iccg = const. 
is invariant. Let us now suppose 

(b). JJ does not occur free. Here, as we saw above, 

must occur. Thus our transformations have the form 

Pk , ^'iPl — ^iPs = ^1 , ^Pl — X%P% + ^ZPS — ^iPi = ^s> > 
X3P2 XiPi = ^3 , XiPi X2P2 — XsPs + x^pi =. Si , 

T= — /S'5 + 2 U= XiPi + 3 (a%^2 + XsPs) + XiP^ , 

Xif=Xs. U—iXjX^ + XgXijPi, XJ=X2. U—Opi. 

Let us normalize with T. We have 

{Sx T) = aXJ + IX J, {a , h const.) . 

Let us introduce a new S^ by means of 

S, = S,^AX,f+BX,f. 

Then {AT) = aXJ + hXJ — 3 {AX^f) + BXJ) . 
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Here we may choose our arbitrary constants J., -B so that 

or {8iT) = 0, 

as we may write it. 

Same way, we may without loss of generality choose the other S^ so that 
the relations {Si^T) are all normal. The Sk and X^/ are already connected by 
normal relations ; we wish to find how the 8^ are connected among each other. 

We have ^^^^^^ ^ 2^^ + a,XJ + ^,X,f. 

Form Jacobi's Identity with Si, S^ and T; thus 

mS^) T) + {{8,T) 8i) + {{T8i) 8,) = Q, 
or {{SiS,)T) = Q, 

i. e. tti = /?i = . 

Hence {8^8^) = 2/Si, 

a normal relation. Analogously we find that all (818,^) are normal. 
Now let us normalize the transformations zero . We have 

4 
{PiT) = p, + ^a,^, + aT+ ^X,f + yXJ. 
1 

Introduce a new pi by means of 

4 2 

Pi=Pi + "^AA -^AT+^ AiXJ, 
1 1 

Thus 

4 2 4 

{^^T)=pi-^A,8,- AT-^A,XJ ^^aS,^ aT^ ^XJ 
1 11 

a 

+ 7X2/- IAS,- Z^A'^XJ. 



Vol.. X. 
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Here we may choose the constants so that 

{lhT)=P,, 
or {piT) = Pi. 

Analogously ({PsiT)= Sp^, 

l{p,T) = 3p„ 
[{PiT)=p,. 

Now to find how the p^ are connected with the other transformations of our 

group. We have 

{p,XJ) = S, + a,X,f+ a,XJ. 

Form Jacobi's Identity with p-^ , X-^f and T\ thus 

{i^p^XJ) T) + {{XJT)p,) - {{p,T) XJ) = 0, 

or - 2S, - 3 («iXi/ + a,XJ) + 2 (p.XJ) = , 

i. e. {Pi^if) = ^i- 

Analogously we find that the other {p^X^f) are also normal. 
Now for the {piSu) • We have 

1 1 

Form Jacobi's Identity with p^, /Si , T, thus 

{{PiS,)T)~{p,S,) = 0, 

i.e. {PiiSi) = 0. 

In the same manner we find that the other (p^St) are normal also. 

It remains to see how the transformations zero are connected among each 
other. We have 

4 4 2 

(pm) = ^<^iPi + ^hs, + bT+^c,Xjf. 
1 1 1 

Form Jacobi's Identity with^j, p^, T, thus 

{{pm)T)-4.{p,p,)=Q, 

i. e. {PiP%) = • 
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Analogously we find (PiPk) = • 

Thus all of our transformations are connected by normal relations, and we find 
the group : 



PiiPiiP3,Pi; ^iPi — o^iPs , ^iPi — «:m + «^sPs — a^iPi , ^3P% — XiPi , XsPi — x^Pi , 

^iPl + 3 {x^Pi + Xsp^ + XiPi, CCg. U— {XiX^ + XsX^Pi, x^. U— {x^x^ + XsX^Pi. 



This is a subgroup of the one last found, and is imprimitive for the same reason 
that that one is. 



Chapter IV. 
A Surface of the Second Degree and Two Coinciding Generators Invariant in Rg . 

§1. 
The projective group written in xyz has the form 

r + xq, yq + zr, {xz — y)p + yzq + aV, p-\- zq, 
and leaves the surface y — zx=^ 

and two of its generators which coincide invariant. When written linear and 
homogeneous in xix^x^x^ our group has the form 

^iPi — x^P3 > ^Pi — a'aB + XsPz — XiPi , X3P2 — Xipi , XsPi — x^Pi , 
to which may be added * 



U 



= /\^iPi- 



§2. 

Thus the transformations 10 of the groups we seek in this chapter have 
the forms 

Si = XiPi—X2p3, S^=XiPi—XzP2+ XsPs— X^Pi, Ss=XsP2 X^p^, Si=XsPi— X^Pi, 

to which may be added - \ 

U=2^XiPi. 
1 
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As to the transformations of sO which may occur in our group, we find 
immediately as in Chapter III, §2, that when s is the maximum order, 

s<3. 

Let us see what transformations II O can occur. 

The calculations here are similar to those in the above-mentioned chapter 
and §. 

Suppose ^-i^ 

1 

is a transformation IIO which occurs, and let us suppose for the present that 
^f ' :|: . Then we see a transformation IIO of form 

must occur. 

Combine Xf with /S'^ and we find 

F^xli^. + l^.g-^sg+^i'a + l-.g + x.i^-^p. 

must occur. 

If Yf is not the same transformation as Xf, we see by subtraction that a 
transformation of the form 

rifpi + vfPz + vfPi 

must occur, where rif is 4= . Hence we see that 

Zf= xlps + >7f {xiXi)2h + vT ia^i)Pi 

must belong to our group. Combine Zf and S^, so 

-S4pn-\x,^^-x,^^+m\pi-[x,^^+x,^^-V,\p, 

occurs. Multiply Zf by 3 , and add to the last transformation ; thus we get 

a>7i , S'?! „ . dvi dyji 
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From the last equation 4 "~ Z' '''i \ 

But since yj^ is only of the second degree, we have 

We now easily find by combining Zf with the p/^ that also 

571=0. 
Hence Zf=i4p3, 

and we see at a glance that this transformation cannot belong to our group. 
Thus Tf must be the same transformation as Xf, i. e. 

' dx, ^^ dx, - ^ ' ^1 axi + "^^ dx, "^^ dx^-^' ^^ dx^ + ^* dx^ - ^^'• 

Hence ^3 = ax^x^ , ^1 = hxix^ + 0x3X4,, ^4 = d^c^Xi . 

Thus ^f=- ^p2 + ax^x^pz + (SxiCCi + 0333X4)2?! + (^a;2a;4p4. 

Combine Xf with the jp^ and we find at once 

Since alp^ cannot occur, we see that no transformation IIO can occur at all. 
Thus in the case where ^^^\ in the transformation IIO^ 

4 

1 

is =)i 0, no transformation IIO can occur in our group. 
If ^^2' z= , we have a transformation of the form 

■nfpi + -nfpz + >7fi>4, 

which, as we saw above, cannot occur. 

Hence no transformations of an order higher than the first can occur in our 
groups. 

We shall, as usual, distinguish the two cases where U occurs free and where 
TJ does not occur free. 
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§3. 

Suppose U occurs free. 

We normalize as usual with this transformation and find without any diffi- 
culty the group: 



PiPzPsPi ; «^iPi — ^Ps , ^iPx — fl^ajPs + ^zPs — ^iPi . ^sPi — ^iPi . 

XsPi — X^Pi, XiPi + X^p^ + X3P3 + 0:4^4 . 



This group is evidently imprimitive. 

§4. 
Suppose U does not occur free. 

We easily see that in this case U can occur additively only in the form 

Si-\- a.U (a const.). 

Thus our transformations 10 are 

Sy = XiPi — X^Ps , Si = XiPi — XsiPi + ^SPS — Oiilh , Ss = XsPi — x^p^ , 

4 

T= Si + a- ^= ^aPi — ^zPi + a • /\ ^iPi- 

1 

Let us normalize with S^. We easily find that we may without loss of 
generality choose the transformations zero 0, so that 



<! 



\piSi) = p\, 
{pA) = —P2, 

HPbS2)= P3, 

^{pA) = —Pi- 



Now we wish to see how the pjc are connected with the Si and with T. We 
have 



{p,S,) = '^mA+mT. 



Form Jacobi's Identity with^i, /Si and S^, thus 

aPiSdS,)-8{p,S,) = 0, 
i.e. {piS0=O. 
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Thus pi and 8i are connected by a normal relation ; in the same manner we find 
that the other {p^S^ and (p/cT) are normal. 

It remains to see how the transformations zero are connected among 
each other. 

In the usual manner, by forming Jacobi's Identity with Pi, Pk and S^, we 

find ({PxP,) = 'bA-^hT, 

{PiPs) = hSi, 
{PiPi) = <hSi + aT, 
{p,Ps)=l3,S, + ^T, 

(PiPi) =73^3, 

^{PsPi) = cA-\-cT. 
Now form Jacobi's Identity with p-^ , p^ and S^, , thus 

or — 2biS^ + biSi =0, bi= 2b^. 

Proceed in the same manner with p^, p^, /Sj; Pi, p^, T and Pi, Pui Pfi then 
we find that our above constants must satisfy the relations 

^1 = 73 = ^2 = ^2 = aa = /?2 = a = & = c = , 

Hence {p^p^ = (p.ps) = {pi2h) = (p^p^) = {p^p^) = 0; 

{p,Ps) = ^.T. 

These relations show that the transformations pi, p^ form an invariant G^ in the 
groups we here seek. Hence are these groups imprimitive* 

If /? ::j= , it is easy to see that we find the following very peculiar imprimi- 
tive group : 



Pi,P2, P3 + ^iXgPi ^~Pi, PiXspi — x^Pi, (^Xi 2" ji'i — ^^Ps 

+ -^Pi, a^iPi — x^Pi + xgjps — XiPi , XsPz — x^Pi + -f-pi. 



"Compare p. 829, note. 
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If, on the contrary, /3 = 0, our transformations are connected by normal 
relations, and we evidently get the imprimitive group : 



Pi, P%, Ps, Pi; ^iPi — ^P% . ^Pi — ^Pi + ^zP% — x^Vi . ^%Pi — XiPi , 
^zPi — «iPi + a {^ipi + ^%V% + ^%P% + ^iP^ ■ 



Chapter V. 



A Surface of the Second Degree and Tioo Different, Generators of one Family 

Invariant in R^. 

§1- 
The projective group written in the variables xyz has the form 
r -\-xq, xp -\- yq, (xz — y)p + yzq + gV , yq + zr, 

and leaves the surface of the second degree 

y — 2CC = 

and two different generators of one family on this surface invariant. 

When written linear and homogeneous in XiX^XgXi, the group has the form 



XiPi — X2P3 , XiPi — x^Pi + x^p^ — XiPi ; x^Pi — XiPi ; XiPi — x^p^ — XsPs — x^p^, 

i 

u=y\XiPi. 



to which may be added ,^-i^ 



1 



§2. 
Thus the transformations 10 of the groups we seek now have the forms 

XiPi — XzPs = Sx , XiPi — X^Pi + XsPs — X^Pi = S2 , XsP^i — XiPi = S3 , 
XiPi X2P2 XsPs + XiPi = /Si , 
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to which may be added ^^ 

U~ 2^ XiPi . 

1 

What transformations IIO can occur ? If any transformation IIO occurs, 
it must have the form 

kfi^iX^Pi + hf\Xi'Xz)p2 + ^f{xiXz)lh + If {xrx^)p^ 
= (aa;| + hx^x^ + cx'^p^ + ( )_p2 + ()^g + ( )_p^. 

By combining this transformation with the pi^ we easily see that all the constants 
ah ... . are zero. 

Thus, no transformation of an order higher than the first can occur in our 
groups. 

We shall distinguish as usual the cases where U occurs free and where U 
does not occur free. 

§3. 

U occurs free. 

Here we normalize with the transformation TJ as usual and find without 
difficulty the group : 

— , 

Ih ^P%^Ps,Pi', Xi2^i — o^ps , Xipi — X2P2 + ajgi^a — x^p^ , x^p^ — x^p^ , 
XiPi — x^p^ — XsPs + x^Pi , Xi2h + X2P>2 + XgPs + XiPi . 



We see at once that this group is imprimitive since the family of 00 Wg, 

; = const. 
(,3 — const, 

as well as that of f a;, = const. 

^^ — const. 



1^:3 = 

(Xi = i 
I. OCa — 



are invariant. 

§4. 
U does not occur free. 
It is easy to see that U can occur additively only in the form 

S^-j- a.U, (a = const.). 

VOL. X. 
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Our transformations 10 are 

8i = XiPi — XiP3 , /S'2 = XiPi — X^p.^ + XsPs — XiPi , Ss = X3P2 — XiPi , 

4 
Si + a. U= XiPi — X2P2 + XsPa + XiPi + a • /* x^p^ = T. 



Let us normalize with /Sg. We find as usual without trouble 

'{PiSi)= Pi, 

_ {p%Si) = —Pi, 

\{P3Si)= Pz, 

^{pA) = —Pi- 

We find in the ordinary manner that all the other relations {pkS^, {pkT) are 
normal. 

We wish to see how the transformations of the zero are connected. We 
find in the usual manner by forming Jacobi's Identity with^^, jp„, and S^, 

{{PxP,) = h,S, + lT, 
{lhP3) = 'bA, 
{PiP^ = a%S% +(tT, 

{p,Ps) = M-z + (3T, 

By forming further Jacobi's Identity with pi, pu, Sj ; p^, p^., T and Pf, p^:, pj , 
we find for our above constants the relations 

a = 0^ = 13 = (3^—0, c= — b, &i = y3= 2&a=2c2, J^ — J + ^3 = , 

a . 6 = a . &2 = . 

If a :}: 0, we see that all constants are zero, and our transformations are all con- 
nected by normal relations. This gives the group : 



Pi > i>i . Ps . Pi ; ^iPi — ^il^s ; ^iPi — ^22h + XzPz — XiPi ; x<ip>^ — Xi2h i 
'■^iPi — «aP2 — «^sP3 + ^iPi + a {xi2h + ^dh + «'sp3 + ^ilh) • 
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If, on the contrary, a = , we have 

(jPiPs) = 262/S', 
{PiPi) = ; 

(i'2i>3) = o, 
{p%pi)= 262/^3, 

Here we may suppose &2 rj: , otherwise we would get the above group 
again. We may arrange so that 62 = 1 if we put h^ .p^ for a new p^ , and b^ .p^ 
for a new p^ . This gives the group : 



Pu P%-^- 2a5fi>i — {^x^x^ — Ix^x^p^ — ixix^ps + ixiX^p^, 
Pi, Pz + "^iXiPi — 2x^XiP^ — {Ax^Xi + 'ix^x^ps + 2a?iPi, 

X^l — X^Ps, XiPi—X^p^ + XsPs—XiPi, XsP2 — XiPi, 
XiPi — 052^2 — 053^3 + X^p^. 



Both the groups in this § are imprimitive, since the family of 00 ^ manifoldnesses 

Jcci = const. 

1x4=: const, 
is invariant under both. 



Chapter VI. 
A Surface of the Second Degree and all Generators of One Family Invariant in R^ 

§1. 
The projective group written in the variables xyz has the form 
r-\-xq, yq-\-zr, {xz — y)p> + yzq-\- z^r, 
and leaves the surface of the second degree 

y — zx-=-0 
and each generator, of one family, of this surface invariant. 
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Written linear and homogeneous in the variables Xix^x^x^ our group has 
the form 

to which may be added ^i^ 

§2. 
Thus the transformations 10 of the groups we now seek have the forms 

4 
Si = XiPi — X^Ps , Si = Xi2h — X2P2 + XsPs — XiPi , Ss = XsPz — XiPi , U= 2^ «^iPi , 

1 
where ?7may or may not occur. For the initial terms of these transformations 
the relations hold, 

{S,S,)=2Si, {SiSs) = S„ {S,Ss) = 2Ss, {S,U) = 0. 

Thus we see that if U does not occur free, it cannot occur additively. 
Let us see what transformations II can occur. 
We easily see that the general transformation IIO has the form 

xf=e!\xix,)pi + {^f\x,x,)p, + ei\^,^,)pz + ^f\xix,)p, 

= {a^xl + hxiXi + ca;l)i?i + ( )lh + ( )Ps + ( )Pi, 
where a, &, c . . . . are certain constants. If now we combine Xf with 
Pu P<ii Pi^ Pi ^'^*^ express the results linearly in the transformation 10, we find 

Thus no transformation IIO can occur, and so none of an order higher than the 
first can occur. 

As usual, we have two cases according as U occurs or not. 

§3. 

Suppose U occurs. 

Here we normalize with U as in the preceding chapters, and without any 
difficulty find the group : 



pi . P2 , Ps . Pi ; ^iPi — ^iPs > i^iPi — ^iPi + ^zP? — ^iPi . 
XzPi — xip>i, XiPi + a;2_p2 + x^p^ + x^p^. 
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This group is imprimitive, since the family of (^^M^, 

j a^i = const. 
I jc^ = const. 

as well as that of f a^2 = const. 

[xz = const. 
are invariant. 



\x^ — 
§4. 



Suppose TJ does not occur. 

Let us normalize here with Sc^. Our transformations are 

Pi, P%, Ps, Pi) ^iPl — ^iPs = iSl , Xi2h — «2i?2 + XsPs — XiPi = S^ , XgPz — XiPi = Sg . 

We easily see that, just as in §3, Chap. I, we may choose, without loss of 
generality, the transformations zero 0, so that 

{pxS^)= _pi, 

{PiS2) = —p^, 
{P3Si)= 2h, 

.{p^S<i) = —Pi. 

Now let us see how the transformations zero are connected with the 
other transformations 10. We have for example 



{PiSi) = 2^ ^i^i ' («i const.). 
1 



Form Jacobi's Identity with p^Si and S^ , thus 

({piS,)S,)-3{p,S,) = 0, 
or {p,S,) = 0. 

Thus {2h'Si) is normal ; same way we find that the other (p^Si) are also normal. 
It remains to see how the transformations zero are connected among each 
other. We have *^ .^^ 

1 1 

Form Jacobi's Identity with pi , p^ and S^ , thus 

({piPi)S2) = 0, 
or ai = bi = b3 = 

and {PxP,) = 'b,S,' 
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Same way f [p^p^) — a^Si , 

{P2P4)=es^s, 

HP3Pi)=f^Z- 

Now form Jacobi's Identity with. pi,p^ and jSg, thus 

((PiPz) S3) — (PiPi) = , 
or 2h,Ss — esSs = 0, 2b, = 6^. 

Same way ({PiP,) S,) + (p^ps) = , 

or — 262/Si + aj_Si = 0, 262 = «! . 

Further — (p^ {piP,)) — (pi {pm)) + (B {PiPs)) = , 

or _&g_p3_C2_pi — aij93 = 0, 62 = — ai, Ca = 0. 

Thus 62 = ai = 63 = Cj = , 

and we easily find in the same way that 

di=fi = 0. 

Thus all of our transformations are connected by normal relations, and we 
evidently get the group : 



PuPi^Ps^Pi', ^iP\ — X^Ps . ^iPl — ^iP% + «ZP% — ^iPi , «3i)2 — 351^^4 . 



This is a subgroup of the one found in the last §, and is imprimitive for the same 
reason that that one is. 

The necessary limits of this article do not permit me to give at present the 
calculations in the four cases which remain of this problem. Suffice it to say 
that I have finished these somewhat long and difficult calculations, and have 
shown that no primitive groups, except those already known, exist in the space 
of four dimensions. I hope to publish the calculations themselves at a later date, 
thereby furnishing a solution of a considerable part of the important and exten- 
sive problem of finding all groups, primitive and imprimitive, in B^ . 



in Space of Four Dimensions. 
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Synopsis of all Primitive Groups in R^ . 

We shall designate those groups, which Lie has determined, as he has done, 
and refer to his works for an explanation of the names, when such is needed. 

(A). Groups which transform the directions through a point, of general posi- 
tion in B^ , which we hold, in the most general manner possible. 



1). 



Pit ) ^iPk ; ^lU] x^.U; X3.U, x^.U; i, k= 1 . . . . 4. 



Here as usual Z7 denotes /^XjPj. This is the general projective group in B^. 



2). 



Pk^ ^iPk] i,h=\ . . . . A. 



This is the general linear group. 



3). 



Pk, XiPk, XiPk — Xj^Pk] i^^h] i,h=l . . . . 4:. 



This is the special linear group. 

(B). Groups which leave a Surface of the Second Degree in B^ invariant. 



!)• 



Pi, Xip^ — XuPi) i,h=l . . . . 4. 



This is the group of Euclidean motions {EuJclidische Bewegungen). 
2). 



Pi, y^iPk — XicPi, 2^ ^jPJ' *', ^ = 1 • • • . 4 . 
1 



This is the group of Euclidean motions and similar transformations (Euklidische 
Bewegungen und Ahnlichkeitstoff). 



3). 



Pi — Xi. U, Xip)k — XkPi', i, h=l . . . . 4:. 
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This group leaves a surface of second degree 

1 
in Bi invariant. 

4 

^' Pi, XiPj, — x„Pi, U, 2XiU — pi.2^x\; i,k= 1 . . . . 4. 



This is the group oi conform, transformations. 

(0). Groups which leave a twisted curve IIIO in Bg invariant. 



!)• 



2). 



Pk , XiPi — XzPi + 3 {XiPi — XsPs) , XiPi + X^Pi + JKgi's + ^iPi I 

^iPi + 2^iP% + ^^iPs> ^^iPi + ^sPi + ^scilh- 



Ph , XiPl + 2031^^2 + ^x^Ps , 2X2_Pi + XsPi + SXiPi, 

Xi2h — aval's + 3 (a74i>4 — ^^sPs) • 



(D). Groups which leave a linear complex in B^ invariant. 



!)• 



2). 



Ph, XiPi—X^p^, XiP^+XiPs, XiPs, XiPi — X^p^, X^Pi, XiPi, XsPi + X^Pi, 

Xsp^ — Xipi, XsPi, XaPs — XiPi, Xi2h + ^iPi + ^sPs + «^ilh- 



Pk , «'iP\ — ^%Ps ' ^iPi + ^1^3 . 374^3 . ^lP% > ^iPl — «2i>2 > «^2Pl . 
XsPi + X^Pi, XsPi — XiPi, XsPi, XiPi — X^Pi + XsPs — Xdh- 



These are all the primitive groups in space of four dimensions : only eleven in 
number. 



